We present a theta function representation of the twisted characters for the rational N=2 superconformal field theory, and discuss the Jacobi-form like functional properties of these characters for a fixed central charge under the action of a finite Heisenberg group and modular transformations.
Introduction
Superconformal algebras have been studied for a long time in physical literatures. The importance is above all due to the fact that the superconformal algebra describes the underling symmetries of Superstring theory. A superconformal algebra is a simple Lie superalgebra ( over I C) spanned by modes of a finite family of local fields, which contains the Virasoro and some other odd , even ones, such that the coefficients of the operator product expansions are linear combinations of fields in the family and their derivatives. This infinite-dimensional algebra possesses a very rich mathematical structure with vast applications on different branches in mathematics and physics. Nevertheless, only until recent years, some rigorously systematic study of conformal superalgebras from the mathematical point of view has been worked out by groups of mathematicians and physicists, and profound mathematical structures have been found to further enhance our understanding of the original physical content (see, for instance [7, 11, 18] and references therein). However, despite the many theories of conformal algebras, the N=2 conformal theory has a peculiar nature which defines a class of its own, other than due to its applicable physical contents of the theory (see [4, 5] references therein), also the intimate mathematical connection of the special features of N=2 superalgebra with the Kähler geometry which has been a main core in the analytical study of projective manifolds. Hence it would be expected that one of the important aspects of N=2 conformal theory will be on the applications on the geometry of complex manifolds, especially its relation with the topological invariants of manifolds. A notable example would be the elliptic genus of c 1 = 0 manifolds, (see for instance [12, 19] and references therein), which amounts to the so called Gepner-model construction of the rational conformal theory [8] . As the mathematical structure of elliptic genus has now been completed by the Hirzebruch school [10] , one would expect a rigorous treatment of the invariant in terms of N=2 conformal theory would be given as in or further than [16] . However, due to the length of presentation and also the nature of the contents, in this paper we shall only discuss the representation-theory aspect of the N=2 conformal algebra, and leave the application on the topology of manifolds as a separate problem, which will be treated in another paper [17] . In this work, we shall study the functional properties of characters of the rational N=2 conformal theory from both the quantitative and qualitative point of views. The unitary N= 2 superconformal character were analyzed by several groups of physicists [1, 3, 13, 14, 15] . While working on characters, one usually defines them as the formal Laurent series; while a proper form of theta function representation is expected for the discussion of symmetries among characters. By cooperating the characteristic of theta functions into the twisted currents of the algebra, we obtain a theta function (with characteristic) presentation of characters of the unitary irreducible highest weight module (HWM) of N=2 conformal algebra for different sectors, (see Theorem 1 of the content ). This explicit form of characters in terms of theta functions, which seems to be unknown before to the best of the author's knowledge, does provide a convenient formulation for the discussion of global functional properties through the classical theory of elliptic functions. Deceptively simple as it may appear, this is an crucial observation, since it implies that in this formulation, the symmetries between characters of the rational N=2 conformal theory for a fixed central charge are revealed and the applications could be possibly achieved later in the geometrical studies.
The paper is organized as follows. In Sect. 2, we give a brief introduction of elliptic and modular functional properties of Heisenberg and modular transformations, and we summarize a few known facts concerning the Jacobi-form like nature of theta functions (with characteristic) in elliptic curve theory. In Sect. 3, we first summarize the basic facts about the N=2 conformal algebra and the discrete series of unitary irreducible HWM for the central charge c < 3. Then we obtain the theta function representation of characters of these HWM for different sectors, which enable us to further pursuit their qualitative functional properties, instead of ones only using the Laurent series expression. In Sect. 4, We study the symmetric properties among characters of those HWM in the discrete series for a fixed central element. With the elliptic and modular functional relations, they constitutes an irreducible representation for the central extension of a Jacobi-group, which composes of a finite Heisenberg group together with a certain modular group. We consider this part as one of the most delicate aspects of this paper. For this reason we describe, as precisely as possible, the procedure of constructing the irreducible decomposition of the Heisenberg group with an explicit basis, by which a modular transformation is expressed as a matrix so that one can see the relation of irreducible Heisenberg-submodules under the modular action. The detailed description will be given in Theorem 2 of the paper. Finally, as it is known in physical literatures, ( see for instance [9] and references therein), that superconformal algebras have certain superspace geometrical realization in which generators are presented as super-vector fields, (i.e., derivations), of super spacetime. This type of geometrization for the usual Virasoro algebra has been a well-known process, by which the symmetric content of the algebra is better revealed. Hence in the last section as an appendix, we in particular recall and describe a detailed account of a geometrical realization of N=2 conformal algebra as 1-dimensional vector fields with 2 supersymmetric extensions. The geometrical setting offers a means of learning the superconformal symmetries, which have been the focus of the present work.
Convention . In this paper, IR, I C will denote the field of real, complex numbers respectively, and IH is the upper half plane, {τ ∈ I C | Imτ > 0}. By a representation of a group G on a (complex) vector space V , we shall always mean a linear right-action of G on V ,
A R-eigenvector with the eigen-character ρ is an element v ∈ V satisfies the relation:
Elliptic and Modular Functional Properties
Let O( I C × IH), M( I C × IH) be the vector spaces of holomorphic, meromorphic functions of I C × IH respectively. In this section, we shall give a brief review on some basic elliptic and modular functional properties of I C × IH, which will be needed for our later discussions. The ellipticity and modularity we refer to here are the standard actions of IR 2 and SL 2 (IR) on I C × IH,
For convenience , in this section we shall always use the letters, v 1 , v 2 , to denote the coordinates of a vector v in IR 2 , and A, B, C, D, the entries of a matrix M of SL 2 (IR). Denote IR 2 ⊙ SL 2 (IR) the semi-product of IR 2 and SL 2 (IR) with the conjugation of M ∈ SL 2 (IR) on v ∈ IR 2 given by M −1 · v · M = vM (the matrix product). The above two actions give rise one of IR 2 ⊙ SL 2 (IR) on I C × IH. We shall lift this geometrical action to functions of I C × IH. The elliptic part is as follows. Let (IR 2 , <, >) be the skew-symmetric form,
, and denote
We shall regard I C * 1 , IR 2 as subsets of l G(d) by the following identification of elements,
Then l G(d) is generated by elements of IR 2 with the relations,
As a character of l G(d) is always trivial on its center, the character-group of l G(d) is isomorphic to the additive group IR 2 by the correspondence: ρ r ←→ r ∈ IR 2 , where ρ r is the character of l
is the abelian lattice group ZZ 2 , which will be also denoted by Λ in what follows. For an arbitrary fixed τ ∈ IH, there is a representation
In particular, the following relations hold:
For r ∈ IR 2 , the multiplication of T with the character ρ r gives rise a representation,
By T r T r * = T * T r , T r is equivalent to T with the interwining operator T r . For d ∈ IR * , r ∈ IR 2 and φ ∈ O( I C × IH), we shall denote
The theory of theta functions is related to the case of d = 1. Recall the theta function is an element in O( I C × IH) with the infinite product representation,
The theta function ϑ r (z, τ ) with characteristics r = (a, b) ∈ IR 2 is defined by 2
For a fixed τ , ϑ(z, τ ) ( ϑ r (z, τ ) ) is the only Λ-invariant entire function on I C, (up to a scalar multiple), for the action, T (1) ( T r (1) resp.) . In fact, one has the following summation expression of theta functions,
Here we write the theta function
where 1 is the function with constant value one. Associated to each type of theta functions, we define the function,
where η(τ ) (= q 1/24 ∞ n=1 (1 − q n )) is the Dedekind eta function. One has the relation,
Corresponding to the Jacobi theta function ϑ 1 (z, τ ) (:= ϑ ) (z, τ )), one has the function,
whose z-expansion near z = 0 is given by,
By the theory of theta functions, the quasi-periodicity and zero relations hold for Θ (a,b) (z, τ ),
One has
On the modular part, for each w ∈ 
The relation between elliptic and modular actions is given by the following lemma.
with v = v ′ M , the following relation holds:
Proof. Using the definition of T r , one can see that the result for T r follows easily from that for r = 0. So we may assume r = 0. We have,
By computation, one has the following relations:
Then the result follows from the equality,
By the above lemma, the geometric action of IR 2 ⊙ SL 2 (IR) on I C × IH can not be lifted directly to one on O( I C × IH). Instead, in terms of (1) and (5), it defines an action of the semi-product of l
and
Hence we have shown the following result:
The relations, (1) , (5), give rise the representation of l
2
For the rest of this section, we shall only consider the case, d ∈ ZZ, and discuss the situation when the representation (7) does descend to a certain arithmetic subgroup of
is called the Jacobi group, denoted by Γ J . In general, the Jacobi group associated to a subgroup Γ ′ of Γ is defined by Γ ′J := Λ ′ ⊙ Γ. We shall denote u, v, T, S, the following generators of Γ J ,
In fact, Γ J is characterized as the group generated by 4 elements, u, v, T, S, with the relations,
One can easily see that a character λ of Γ J must be trivial on the subgroup Λ, hence determined only by the values of λ(T), λ(S). Other than Γ, the other modular groups with which we will concern in this paper are Γ q , q = (q 1 , q 2 ) ∈ I Q 2 , defined by
Note that Γ q depends only on the class of q in I Q 2 /Λ. The modular subgroup of Γ generated by the elements, S , T 2 , is Γ (
) , which was denoted by Γ θ in [16] .
Proof. Since (−1) (m+1)(n+1) does not change under the action of Γ for (m, n) ∈ Λ, it follows the above equality for r = (
2 ). For a general r , the result follows from the definition of Γ q . 2
Remark. Using the above argument for the case of d ∈ I Q for (7), one obtains the representation
For simplicity, we shall write φ|v, φ|M for φ|T 
where q = (
e., the function φ(z, τ ) satisfies the following elliptic and modular properties [6] :
Similarly, with the representation space M( I C × IH), one can define the weight w , index
a Jacobi meromorphic forms of weight w , index ι .} .
Then one has the graded algebras with the canonical grading,
An important example of Jacobi forms is the function Θ 1 (z, τ ) of (2). In fact, let σ be the character of Γ with σ(T) = e 
3 N=2 Superconformal Algebra
Definition. The N=2 superconformal algebra, denoted by SCA, consists of the stress tensor L(ζ), two super-currents G ± (ζ), and a U (1)-current J(ζ),
where the coefficients, L m , J n , G ± p , form a super-Lie algebra with a cental element c :
Here the δ function is defined as usual: δ a,b = 1 if a = b and 0 otherwise. In this paper, we shall not distinguish the central element c with its eigenvalues. There exists a ZZ-symmetry of the algebra SCA, called the spectral flow, which is generated by the automorphism,
In the topological field theory, it is more convenient to consider another set of generators of SCA associated to a real parameter a with |a| ≤ 1 2 by the following twisting currents:
where the coefficients are given by
For convenience, we shall use the bold letter c to denote one-third of the central element,
One has the decomposition, SCA = SCA + ⊕ SCA 0 ⊕ SCA − , where
A highest weight module (HWM) is a SCA-module generated by a highest vector, which is an eigenvector of SCA 0 and annihilated by SCA + . The letters, H, Q, will denote the L 0 , J 0 -eigenvalues of the highest vector. Similarly the letters,
2 , Q a = Q + ac. The character of a HWM is the following Laurent series of y = e 2πiz , q = e 2πiτ ,
In general, one defines the twisted character with characteristic (a, b) for
By
0 +c , one obtains the following relations of twisted characters,
We shall denote R(z, τ ) = Ch
) (z, τ ) . 
The corresponding characters will be denoted by Ch
( resp.
), which is characterized by the highest vector annihilated by G
) . For the rest of this paper, the bold letter k will always denote the number k + 2 associated to a positive integer k,
Associated to integers l, m with l ≡ m (mod 2), we shall use the letters, i, j, to denote the following half-integers :
All the unitary irreducible HWM with the central element 3c, c = k−2 k , are indexed by the following data:
Then (12) becomes
For the rest of this section, we shall discuss the functional properties of characters of the above HWM, and we are going to derive their theta function expressions. First let us recall the Laurent series expression 4 of NS l,m (z, τ ),
. 3 The letters, NS, R, indicate the Neveu-Schwarz or Ramond sectors. 4 Here we adhere to papers [3, 15] for their mostly suitable formulation to our treatment. 
Proof. By the infinite product formula of ϑ(z, τ ), the factors, ϕ(z, τ ), γ l,m (z, τ ), in the formula of NS(z, τ ) have the following expressions:
.
By (13) (4), we have
We obtain the expression of NS l,m (z, τ ), hence Ch 
By 0 < i − j < k, no common solution exists for the above two equations. Hence the zeros of the denominator for Ch 
Using the last relation of (4) for (a, b) = ±(
2 ), we obtain the expressions of Ramon characters:
By (4), (11) , and the relations,
one obtains the following relations of Ramon characters, which will be useful for the discussion of topological applications of conformal algebra. 
2
By a similar discussion, one can obtain the Θ 1 -expression of the other Ramon characters:
. By (3) (4), and Theorem 1, one has the following result.
Corollary 2. The following relations hold for characters of HWM for a fixed central element 3c:
e 2πiQ l,m Ch (a,b) l,m (z, τ ) = e −2cπia Ch (a,b) l,m (z + 1, τ ) , Ch (a,b) l,m−2 (z, τ ) = e cπi(τ +2(z+b)) Ch (a,b) l,m (z + τ, τ ) .
2
In the study of HWM with a fixed c, it is more convenient to extend the domain of (l, m) to the following larger one:
Define the automorphism of L c ,
Let B c be the collection of < r >-orbits , and V c the Hilbert space with B c as an orthonormal basis,
A fundamental region for B c consists of those (l, m) with |m| ≤ l, i.e., the index set of HWM. 5 In the paper [16] , the signs in the formula of R λ on pp. 373 were inaccurate in order to keep the statement of One can define the quantities,
, for an element (l, m) in L c by the same formulas in (12) (13), (14) , (15) . The chirality of (l, m) becomes;
It is easy to see that the characters and chirality thus defined are invariant under the automorphism r, i.e., depending only on the class of (l, m) in B c , which will be denoted by [l, m] . We denote
By f 0 r = rf 0 , n 0 r = r −1 n 0 , they induce automorphisms of B c , hence the isomorphisms f, n, of V c , which are of order k, 2 respectively,
We shall call f the spectral flow transformation , n the charge conjuation of V c . By Corollary 1 of Theorem 1, one has the inversion property of Ramon characters:
The relations in Corollary 2 of Theorem 1 describe the following elliptic properties of Ch
in particular, for Neveu-Schwarz and Ramon characters, one has 
where ω is a primitive N -th root of unity, which will be specified later. For a given r = (a, b), by identifying a basis element λ of V c with the character Ch (a,b) λ (z, τ ), the elliptic relation (18) gives rise a representation of Λ(c) on V c . Since the action is trivial on the abelian subgroup kΛ of Λ(c) generated by (k, 0) and (0, k), the representation indeed descends to the finite quotient group, Λ(c) := Λ(c)/kΛ,
Associated to c, we define a pair of integers, N, M , as follows:
Denote P = (1, 0), Q = (0, 1), which are the generators of Λ(c) satisfying the Weyl commutating relation:
Note that the above ω is a N -th primitive root of unity. It is known that irreducible unitary representations of Λ(c) are parametrized by elements of a (real) 2-torus I C *
is equivalent to the one with Q = ζ
Lemma 2. The Λ(c)-module V c is a direct sum of M irreducible sub-representations as follows,
where the multiplicities M ǫ,ǫ ′ are defined by
Proof. The map f of (16) acts on the basis B c of V c with the < f >-orbit decomposition, 1) by (18) . For even k, the irreducible decomposition of the Λ(c)-module V c,ν is given by
Then the result follows immediately. 2
We shall make an identification of I C M ⊗ I C N with the Hilbert space V c through a canonical correspondence of basis elements. For odd k, the identification is made by the following relations of basis elements for 0 ≤ ν < M, n ∈ ZZ,
For even k,
The identification is given by the following relations,
Note that by (
2 , m + k), one has the following expressions of vectors,
As an example, for k = 4, the above identification becomes,
By (18), one obtains the following results. (z, τ ) has the following matrix representations:
, with the matrix expressions,
For the modular property of Ch (a,b) λ (z, τ ), we are going to see that it will be described by (5) for d = c, w = 0 when restricting on the modular subgroup Γ q , q = ( 
In particular, the group Γ q is the modular group Γ for R λ or R λ , and Γ ( ) for NS λ . In this paper, we shall only consider these two special cases due to the easy description of generators of these modular groups. We denote
By (21) (6), Γ W(c) is the group generated by P, Q, T, S, with the relations:
We now describe the T, S-transforms of characters.
Proposition 4. The following relations hold:
where the coefficients S λ λ ′ are defined by
Proof. The T-relations of R λ , R λ follows from (15) and (9) . By using (10) for (a, b) = (
2 ), and T-relations of Ramon characters, one obtains the T 2 -relation of NS λ . The S-transform of NS λ was known in physics literatures (e.g., formula (28a) of [15] ), the result we adopt here. Then, by (10), we have the equality,
Setting (a, b) = (
2 ) or (
2 ) in the above, one obtains the expression of the S-transform of Ramon characters by (11) , (19) . 2 By (20), Proposition 4, and the remark of Proposition 2, the identification of λ with the characters, NS λ or R λ , R λ , gives rise the following action for a Neveu-Schwarz or Ramon sector, (22) (23), the matrix presentation of the above actions on the part Λ(c) is described by Proposition 3. A modular transformation will send one Λ(c)-irreducible subspace onto another one. Hence we shall see that the matrix representation of a modula transformation is a tensor product of one from I C M -part, (α νν ′ ) ν,ν ′ , with another one from I C N , (β nn ′ ) n,n ′ . By Proposition 4, the T-transformation is a diagonal matrix; while the S-transformation of one vector is a linear combination involving all the basis elements. The explicit forms will be given in the following theorem, where the indices ν, ν ′ , n, n ′ of the matrices are non-negative integers less that the dimension of the vector space involved in the expression,. 
, the T, S-transformations are decomposed into the following linear maps for the Neveu-Schwarz, or Ramon sector:
where ǫ, ǫ ′ = ±1, and ǫ ′′ := (−1)
2 ǫǫ ′ . The matrix representation of the above linear transformations is given by
δ n,n ′ ) ,
Here the functions, w 1,1 (ν ′ ), w −1,1 (ν ′ ), are defined by
Proof. (i) For odd k, we have k = N = 2M + 1. By Proposition 4, and (12), one has the following relations of the T-transformation for the Neveu-Schwarz or Ramon action, |ν > −1,ǫ ′′ ⊗|n > .
Hence we obtain the matrix expression of T 2 for Π NS , and T for Π R , Π R -action. For the Stransformation, we first consider the Neveu-Schwarz sector, Π NS . By the definition of S λ ′ λ , the following equalities hold: for even ν,
In conformal field theory, the operators f, , J 0 are called the momentum, dilation, special-conformal, supersymmetry, s-supersymmetry, and SO(2)-charge generators. Let I C * 1,2 be the one dimensional superspace with coordinates, t ∈ I C * , and the two-component Grassmann variable, θ = (θ 1 , θ 2 ). The SCA with c = 0 can be represented by the following set of super-vector fields on I C * 1,2 , L n = −t n (t
Under the conformal transformation, (t, θ) → (−t −1 , −t −1 θ) , θ = (θ 1 , θ 2 ) , one has the relations,
which give rise the automorphism (24) of SCA. Let IP 1,2 be the one-dimensional projective superspace, which is the union of two affine spaces, U 0 , U ∞ , with the super-coordinates:
The intersection, U 0 ∩ U ∞ , consists of elements with t = 0, ort = 0, with the coordinate transformation (t,θ) = (−t −1 , −t −1 θ) ∈ I C * 1,2 .
We shall denote Vect(M ) the space of super-vector fields of a super-manifold M . Then through (25), one can regard L n , G j p , J n as elements in Vect(U 0 ∩ U ∞ ), and we have
Now one can clearly see the analogy of above description of N=2 conformal algebra with the usual Virasoro interpretation of vector fields on 1-dimensional projective space IP 1 .
